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Abstract
This article addresses the design of the trajectory transferring from Earth to Halo orbit, and proposes a timing closed-loop strategy
of correction maneuver during the transfer in the frame of circular restricted three body problem (CR3BP). The relation between the 
Floquet multipliers and the magnitudes of Halo orbit is established, so that the suitable magnitude for the aerospace mission is chosen in 
terms of the stability of Halo orbit. The stable manifold is investigated from the Poincaré mapping defined which is different from the 
previous researches, and six types of single-impulse transfer trajectories are attained from the geometry of the invariant manifolds. Based 
on one of the trajectories of indirect transfer which are ignored in the most of literatures, the stochastic control theory for imperfect in-
formation of the discrete linear stochastic system is applied to design the trajectory correction maneuver. The statistical dispersion analy-
sis is performed by Monte-Carlo simulation. 
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1 Introduction*
The interests in libration points and Halo orbits 
have grown continuously since ISEE-3 was 
launched successfully in 1978[1]. So far there have 
been several spacecrafts for the missions involving 
libration points in the Sun-Earth/Moon systems, 
such as ISEE-3, Wind, SOHO, ACE and Genesis 
which are located on Point EL1 to survey the solar 
wind, and MAP around the EL2 to explore the outer 
space, etc. 
How to transfer the spacecraft from Earth to 
Halo orbit has been the academic focus since the 
first mission of libration point was proposed. The 
methodology to design the single-impulse transfer 
trajectory has been evolved from the shooting 
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methods to the applications of theory of invariant 
manifolds. Here “single-impulse” means that the 
spacecraft inserts Halo orbit just with the only im-
pulse to take off from the parking orbit, which is 
difficult to achieve from the classical optimization 
theory[2-3]. In this article, the stable manifold of 
Halo orbit is indicated by the Poincaré mapping 
differed from the previous researches, and six types 
(marked as the Types A-F) of single-impulse trans-
fer trajectories are found, including the direct trans-
fer (Types A and B) and indirect transfer (Types C,
D, E and F). All of the previous transfer trajectories 
adopted the direct transfer, but ignored the indirect 
transfer[3].
Attributing to some disturbances and long 
transfer duration (8-12 months), the trajectory cor-
rection maneuver (TCM) is necessary. Serban et al.[4]
obtained the optimal strategy for the Genesis mis-
sion. Gómez et al.[5] analyzed the influence of the 
correction on the insertion location, error magnitude, 
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transfer duration and other aspects based on the 
work in Ref.[4]. However, both of the above re-
searches only took the launch velocity errors into 
account, and the strategy cannot be obtained unless 
the error is known. In addition, the correction ma-
neuvers must be computed on the ground, which 
restricts the self-determination of the spacecraft. 
Jenkin et al.[6] performed a timing closed-loop strat-
egy, and gave the statistical dispersion analysis. 
Nevertheless, Jenkin’s strategy is relatively simply 
and what is more, the navigation errors are not in-
cluded.
In this article, a timing closed-loop strategy is 
proposed with the transfer Type F as the reference 
trajectory, based on the stochastic control theory for 
imperfect information of the discrete linear stochas-
tic system. Then the statistical dispersion analysis 
for the strategy is performed by Monte-Carlo simu-
lation.
2 Halo Orbit 
Halo orbit, bifurcating from planar Lyapunov 
orbit[2-3], is the periodic solution of circular re-
stricted three body problem (CR3BP), and is sym-
metrical with respect to the plane x-z in the Syzygy 
frame. Determining the state of any point on a Halo 
orbit (with the period TH) needs the magnitude Ax
and the phase T, namelyG
    H= , = , , 2 ,x xA A t t TT T  S R Z R ZX H* (1)
There is no analytic solution to the CR3BP due 
to the non-integrability. Define the equivalence re-
lation “~”, as 
1 2 2 1, ( )~ WW   X X X XM  (2) 
where M is the flow. So any point X0 on M can rep-
resents the whole flow. 
2.1 Calculation of Halo orbit 
Put X0 on the symmetry plane of Halo orbit, 
and then the numerical algorithm for it is as follows: 
(1) The approximate 3-order analytic solution 
to the Halo orbit (it is also called Richardson ex-
pansion) is determined by using the Lindstedt- 
Poincaré method[1], then the approximation to X0
can be obtained.  
(2) Take X0 as the initial condition, and then 
integrate the dynamical equations of CR3BP until 
the flow arrives the symmetry plane again, i.e., the 
final value is > @Tf f f f f f0x z x y z X    .
Based on the Newtonian iteration, adjust the flow’s 
initial values x0 and 0y  to drive fx  and fz  to the 
values of zero asymptotically. 
The corrections to x0 and 0y   are below: 
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where )ij is the element in the ith row and jth col-
umn of the monodromy matrix ) defined in Section 
2.2. The position errors after a period are only in the 
order of 10 km after 4-5 iterations. 
2.2 Property of Halo orbit 
Poincaré mapping P(X) is defined as 
H
( ) ( ), ( )T * T  P X X XM         (4) 
then according to Hamiltonian dynamical system, 
the differential of P(X): ) = DXP(X) is a symplectic 
matrix with two complex eigenvalues 1,2 1O  
and four real eigenvalues 3,4 1O   and 
1
5 6 1O O
 ! .
O5 and O6 reflect the stability of Halo orbit. 
(1) Stability of Halo orbit 
The maximal real eigenvalue of the flow, i.e., 
O5, is called Floquet multiplier, and the periodic or-
bits will diverge at the exponential rate of O5–1.
Fig.1 reveals the relation between the magnitude Ax
of Halo orbit and the function hyperbolic logarithm 
of Floquet multiplier. From the view of stability, 
Halo orbit is preferred whose Floquet multiplier O5
is near 1, however, the magnitude for this Halo orbit 
will be too large to be applied into the aerospace 
missions. So sometimes the small magnitude is ac-
cepted even with the more consumption for station-
keeping.
In this article, the magnitude of Genesis mis-
sion is chosen, so it means Ax = 260 000 km[4-5] and 
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its Floquet multiplier is 1 219.3, and the period of 
Halo orbit is 5.822 8 months. 
Fig.1  Relation between magnitude Ax and hyperbolic loga-
rithm of Floquet multiplier. 
(2) Invariant manifolds 
The stable and unstable manifolds theorem for 
periodic orbits[7] 
An open subset n RE  contains a periodic 
orbit ( ): t*  x Q . Let Mt be the flow of the dy-
namical system. If there exist 0  k  n–1 of the 
characteristic exponents of Q(t) with their moduli 
less than 1, and n–k–1 of the characteristic expo-
nents with theirs greater than 1, then for any point 
p *  there is a neighborhood nN  R  such that 
the stable manifold   { d , 0,tS N x* *  ox M
}t o f  is a (k+1)-dimensional differentiable mani- 
fold positively invariant under the flow Mt and the 
unstable manifold   { d , 0,tN N x* *  ox M
}t o f  is a (n–k)-dimensional differentiable mani- 
fold negatively invariant under the flowMt. Further- 
more, the stable and unstable manifolds of* inter-
sect transversally in *.
Symplectic Matrix ) has eigvalues O5 > 1 and 
O6 < 1, which suggests that Halo orbit has both the 
stable and unstable manifolds. The stable manifold 
is 2-dimensional compact manifold, and Fig.2 
shows it in the position space R3.
The stable manifold can be used to design the 
transfer trajectories[3,7]. The geometric property of 
stable manifold near the Earth can be described by 
the Poincaré mapping: the cut 6 is defined as the 
hyper-surface T T( [1 0 0] ) 0P    r v , where r
and v are respectively the position and velocity vec-
tors in the Syzygy frame of CR3BP[7-8], and P is the 
the ratio of Earth/Moon’s mass to the total masses of 
Sun-Earth/Moon system. The stable manifold will 
be mapped to a curse, so the mapping is expressed 
in the phase W of Halo orbit (measured from X0 in 
the clockwise rotation along the z axis) and the alti-
tude rE of the perigee shown in Fig.3. 
Fig.2  Stable manifold of Halo orbit. 
Fig.3  Poincaré cut from its mapping. 
3 Design of the Single-impulse Transfer 
 Trajectory 
Fig.3 demonstrates the property of the stable 
manifold from the negative time arrow. The fact 
indicated by Fig.3 that the changes at C, D, E, and F
are more dramatic than at A and B, will deduce the 
opposite conclusion from the positive time arrow 
that the terminal values of A and B are sensitive to 
the initial values, but C, D, E, and F are not very 
sensitive. Furthermore, the transfer durations Ti, i =
A,···,F are quite different from each others. The ref-
erence transfer trajectory should be chosen at A or B
just because A and B have shorter transfer durations. 
All the transfer trajectories satisfying single- 
impulse insertion locate at A-F, which will generate 
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six types of trajectories, marked as Types A-F, in-
cluding the direct transfer (Types A and B) and in-
direct transfer (Types C, D, E and F). The launch 
velocities, the altitudes of parking orbits, the phases 
of Halo orbit and the transfer durations for all the 
six types of single-impulse transfer trajectories are 
shown in Table 1, and the 3-D representations for 
them are demonstrated in Fig.4. 














A 3.218 8 182 0.219 3TA 8.723 2 
B 3.214 7 199 0.333 7TB 8.893 2 
C 3.214 5 201 0.743 3TC 12.348 8 
D 3.214 6 198 0.759 9TD 12.794 9 
E 3.214 4 201 0.802 5TE 12.978 3 
F 3.214 1 199 0.822 4TF 12.434 7 
Fig.4  3-D representations of transfer trajectories. 
Now all the transfer trajectories are the direct 
transfer, but no literature has referred Types C-F as 
the transfer trajectories. Thus it is required to focus 
on the indirect transfer to investigate the error dis-
persions. Without losing generality, Type F is taken 
as the reference transfer trajectory (RTT) in this ar-
ticle, noted as { ( , ), [0, ]}F F| t t T  X X XJ M .
4 Dispersion Error Analysis and Correc- 
tion Strategy 
The navigation error E1 and the initial launch 
error E2 will make the spacecraft deviate from RTT, 
so the TCM is necessary. However, the TCM will 
bring the maneuver error E3.
The error sources are considered to abide by 
the Gauss dispersions with the means allocated at 
zeros. The variances are: for E1, position variance is 
10 km, and velocity variance is 0.01 m/s (1V); for 
E2, velocity magnitude variance is 0.36%, velocity 
direction variance is 1.5° (3V); for E3, velocity 
magnitude variance is 3%, velocity direction vari-
ance is 2.06° (3V). The variances of E2 and E3 are 
taken the same as those in Ref.[6] for the purpose of 
comparison. 
Including the control u and dispersion errors, 
the state equation (a stochastic nonlinear equation) 
is
 3, , ,f t z z u e             (5) 
and the observation equation is 
2( ) ( )t t Z z e  (6) 
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where 6Rz  is the state vector, 30  Ru U  the 
control vector ( 0U  is closed set of admissible con-
trol), 6RZ  the observation vector, 61 Re  error 
vector of E1, and 63 Re  error vector of E3 pro-
duced by u, with initial values as 0( ) FE  z X ,
0 2( ) ( )V V z e .
TCMs should minimize the mean of the cost 
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where M, WL  and WK  are the symmetry and positive 
semi-definite weighted matrices. Obviously, the fun- 
ction J is the compromise between precision and 
consumption for TCMs. 
So the correction strategy is essentially classi-
fied as the stochastic optimal control. Generally, it is 
too difficult to give the analytic solution to this 
problem. Here the strategy for TCMs is deduced 
from the stochastic control for imperfect informa-
tion of the discrete linear stochastic system by dis-
persing the times and linearization method. 
The TCMs divide RTT into N segments labeled 
as li, i = 1, ···, N, and the initial values and transfer 
durations for each segment are denoted as ( )o
iz  and
Wi, i = 1, ···, N respectively. Accordingly, define the 
mapping family as ( ) ( )o o( ) ( , )
i i
i iW P z zM , so the mono-
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Define > @, 0,t t Ft TG   z z z , so the discrete 
state and observation equations are 
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where the initial values 3(0) , (0)  0 0u e .
It is easy to prove the existence of the solutions 
for the linear system, and moreover the solutions 
can be expressed in the explicit functions of 
( )kGZ [9].
If the discrete size of segment is small enough, 
the global optimal solutions will be achieved, which 
will require lots of computations and should be per-
formed in future. And in this article, the sub-optimal 
solution is gained by the approximation, i.e., the 
discrete step is determined by the schedule of TCMs 
and the correction controls are determined by the 
stochastic control theory. 
4.1 How to choose discrete sizes 
To choose the discrete size means to determine 
the schedule of all the TCMs. The time of TCM-1st 
is chosen at the point of 24 h after launched[4-6]. If 
the time is chosen earlier the errors will be magni-
fied; while if later, the errors will cumulate beyond 
the ability of the maneuvers. 
The schedule for the other seven TCMs is cho-
sen according to the geometric property of RTT[6].
The locations and schedule for all the TCMs are 
shown in Fig.5 and Table 2. 
Fig.5  Reference transfer trajectories and TCM locations. 
Table 2 TCM schedule and geometric properties of RTT 
TCM No. Event Time/d 
1 – 1 
2 ǻx=5×105 km 4.770 8 
3 ǻx=1×106 km 15.807 0 
4 dy/dt=0 (1st) 61.818 7 
5 ǻx=0 km 109.836 6 
6 ǻx= –1×106 km 137.947 9 
7 dy/dt=0 (2nd) 156.266 5 
8 dy/dt=0 (3rd) 244.921 9 
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4.2 How to determine correction maneuvers 
According to the stochastic control theory for 
imperfect information of the discrete linear stochas- 
tic system, the solution procedure for the strategy of 
correction maneuvers follows three steps as: 
(1) Solve the Riccati difference equations to 
get the symmetry and positive-definite matrix P(k)
sequences.
(2) Solve the linear optimal filter to get the 
optimal estimation ( )ˆ kGz  sequences.  
(3) Solve the optimal control u(k) sequences. 
There are derived expressions and mature al-
gorithms for the expression of P(k), ( )ˆ kGz  and u(k)
sequences, which can be referred to in standard text-
books of stochastic control theory, for instance, 
Ref.[9]. 
The valve-value us of the control u(k) is 1 m/s. 
So if the correction for some TCM is below us, the 
TCM will be cancelled. 
5 Monte-Carlo Simulation 
Monte-Carlo simulation, which is also called 
random sampling simulation, can give the approxi-
mation to the solutions through sampling the models 
or the processes. The precision of the approximation 
to solutions can be denoted in standard deviations. 
The existence of E1, E2 and E3 makes the 
transfer trajectory and its correction maneuver ran-
dom, so the Monte-Carlo simulation involving 600 
iterations is performed to analyze the statistical er-
ror dispersions. The distribution of the position er-
rors is shown in Fig.6, the velocity errors in Fig.7, 
costs in Fig.8, and confidence levels in Table 3. 
Fig.6  Distribution of position errors. 
Fig.7  Distribution of velocity errors. 
Fig.8  Distribution of costs. 






90 137.9/113 954.2/2 620 0.85/3.1 
95 159.2/135 1 102.4/3 600 1.00/4.0 
99 205.5/174 1 464.6/5 970 1.35/6.2 
6 Conclusions 
Transfer trajectories from Earth to Halo orbit 
and the strategy for trajectory correction maneuvers 
are performed. Firstly, the relation between the 
Floquet multipliers and the magnitudes of Halo or-
bits is established based on the stability of Halo or-
bits. Then the stable manifold is re-computed and 
Types A-F of single-impulse transfer trajectories are 
found, including the direct transfer (Types A and B)
widely used and the indirect transfer (Types C-F)
always ignored in designing trajectory transferring 
from the Earth to Halo orbit. Subsequently, the sto-
chastic control theory for imperfect information of 
the discrete linear stochastic system is applied to 
design the strategy for the trajectory correction ma-
neuvers, with the Type F as the reference trajectory. 
Finally, the statistical dispersions are analyzed by 
the Monte-Carlo simulation. 
Self-determination on board is of significance 
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in the deep space missions. Obviously, the correc-
tion maneuvers computed on the ground and then 
injected into the spacecraft are not suitable to the 
interplanetary exploration. The strategy developed 
in this article can yield the corrections according to 
the measured values. Thus this does not require lots 
of computation, and the distribution of the errors 
and costs for the correction maneuvers are accept-
able.
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